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This worlij deals with Interference Alignment (IA) in a iC-users MIMO Interference Channel with 
incomplete Channel State Information at the Transmitters (CSIT). Incompleteness of CSIT refers to the 
perfect knowledge at each TX of only a sub-matrix of the global channel matrix, where the sub-matrix is 

>' 

specific to each transmitter. This paper investigates the notion of IA feasibility for CSIT settings which 

00 " 

■ are as incomplete as possible, as this can lead to feedback overhead reduction in practice. We distinguish 



between antenna configurations where (i) removing a single antenna makes IA unfeasible, referred to as 
tightly-feasible settings, and (ii) cases where extra antennas are available, referred to as super-feasible 
settings. We show the conditions for which IA is feasible in strictly incomplete CSIT scenarios, even in 
tightly -feasible settings. For such cases, we provide a CSIT allocation policy preserving IA feasibility 
while reducing significantly the amount of CSI required at the TXs. For super-feasible settings, we 



develop a heuristic CSIT allocation algorithm which exploits the additional antennas to further reduce 
the size of the CSIT allocation. 

Index Terms 

Interference alignment, Interference Channel, Channel State Information, Degrees-of-Freedom 



'This work has been performed in the framework of the European research project HARP, which is partly funded by the 
European Union under its FP7 ICT Objective 1.1 - The Network of the Future. 
Some preliminary results have been published in |T). 
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I. Introduction 

Although multi-transmitter coordinated transmission such as Interference Alignment (IA) 0, 
constitutes a promising tool to combat interference, coordination benefits go at the expense 
of acquiring accurate enough Channel State Information (CSI) at the Transmitters (TXs) and 
sharing it across all TXs whether explicitly or implicitly [4J. In the case of multi-antenna based 
IA without channel extension, which is the focus of this work, some form of CSI at the TXs 
(CSIT) is required to compute the precoders at each one of the TXs and can result in a significant 
overhead in practice. 

The IA literature is rich in methods which have improved the efficiency of the precoding 
schemes at finite SNR and reduced the complexity of the algorithms [|5l- [[T0l . Yet, the obtaining 
of the CSIT at the TXs represents a major obstacle to their practical use [fTTTl and the study of 
how CSIT requirements can somehow be alleviated has become an active research topic in its 
own right [0, (61, [fT2ll - lfT8ll . Several approaches have been proposed in this direction and are 
briefly summarized below. 

One strategy consists in developing iterative methods that can exploit local measurements 
made by the TXs on the reverse link or progressive feedback mechanisms 0, H, [fT5l . Such 
methods rely on the fact that, through iterations, enough CSIT is acquired to allow convergence 
in a distributed manner toward a global IA solution. In Ifl9l , [|20l , the amount of information 
exchanged between the TXs is reduced by letting some TXs compute their precoder and share 
it instead of sharing the CSI. Yet, this is obtained at the cost of an increased delay because 
the improvement is obtained by letting the TXs successively compute their precoders. Also, this 
scheme is only applicable in some particular antenna configurations. In lETl . Il22ll . IA is adapted 
to the configurations of cellular networks. In lfT8l . multi-user diversity is exploited to obtain 
approximately aligned interference without the requirement of full CSIT. In IfTOl , the trade-off 
between serving jointly all the users via IA in a large IC or serving the users orthogonally 
in different frequency bands is investigated. To reduce the overhead due to the CSI feedback, 
an intermediate solution is found where the IC is split into smaller ICs to improve the overall 
efficiency of the transmission scheme. 
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Another line of work consists in studying the minimal CSI quantization bits (scaling with the 
SNR) that should be conveyed to the TXs to achieve the optimal number of degree of freedom 
(DoF) obtained under IA fI51. Ifl4l. 

Sharing the complete CSI to all the TXs becomes quickly challenging as the size of the IC 
increases. Let us consider for example the IC with K users where all the nodes have the same 
number of antennas given by M = N = (K + l)/2 so as to allow for IA feasibility with one 
stream per user. The multi-user channel, which should be then shared to every TX, contains a 
number of channel coefficients equal to (K ■ M) ■ (K ■ N) = K 2 (K + l) 2 /4. Hence, the total 
feedback load scales as K 5 which represents an obstacle for the practical use of IA at even 
moderate values of K. 

A common trait behind previous work dealing with limited CSIT for IA is that all TXs are 
typically assumed to have access to elements of the global CSI with the same representation 
quality. Yet, it will be shown that the fundamental shortcoming of such a framework is that it 
fails to properly reflect the actual CSIT requirements which in fact should depend on the antenna 
configuration. 

Depending on the antenna configuration and the tightness level with which the IA feasibility 
conditions l|23l - [|27l are met, it is clear that not all channel vectors may need to be feedback to 
all TXs. This is fairly trivial in scenarios with extra antennas, which we denote as super-feasible, 
because these extra antennas can be used to zero-force (ZF) more sources of interference, hence 
lessening the need for actual alignment. However, it can be shown to be the case also in settings 
without extra antennas, which we denote as tightly-feasible. This shows the need to discuss IA 
feasibility, no longer in absolute terms but rather under the prism of CSIT assumptions. 

To explore this problem, we introduce a novel CSIT framework whereby CSIT is no longer 
uniform across TXs. An IC with K users has incomplete CSIT when each of the K TXs acquires, 
through a given feedback and exchange mechanism left to be specified, a subset of the multi- 
user channel coefficients, with this subset being generally TX-dependent. In this framework, we 
define the size of a CSIT allocation as the total number of scalars forming the CSIT subsets 
known at the TXs. 
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Our main contributions are as follows. 

• We formulate the problem of finding the CSIT allocation of minimal size which preserves 
IA feasibility. We show conditions under which IA is feasible with strictly incomplete CSIT. 

• For tightly-feasible ICs, we present a CSIT allocation policy to the various TXs which 
preserves IA feasibility while reducing significantly the size of the CSIT feedback. 

• For super-feasible ICs, we show the existence of a trade-off between the number of antennas 
and the sharing requirements. We provide a heuristic algorithm exploiting any given antenna 
number configuration to reduce further the size of the CSIT allocation. 

Notations: We denote the Hadamard (or element-wise product) by the operator and 
by l igv 4 the characteristic function which takes the value 1 if i belongs to the set A, and zero 
otherwise. A/"(/i, a 2 ) denotes the complex circularly symmetric Gaussian distribution with mean \i 
and variance a 2 . The operator eig min (•) returns the eigenvector corresponding to the smallest 
eigenvalue of the matrix taken as argument and |«S| is the the number of elements in the set S. 
We write "wlog" for "without loss of generality". 

II. System Model 

A. MIMO Interference Channel 

We study the transmission in a f^-user MIMO IC where all the RXs and the TXs are linked 
by a wireless channel. We consider a conventional channel model with the particularity of our 
model lying in the structure of the CSIT. We consider that each TX has its own CSIT in the form 
of a sub-matrix of the multi-user channel matrix. This specific information structure is referred 
to in this paper as incomplete CSIT and will be detailed in Subsection III-Cl TX j is equipped 
with Mj antennas, RX i has Ni antennas, and TX j transmits a single stream to RX j. This 
IC is then denoted as Ylk=i(Nk, M k ). We consider exclusively single-stream transmissions and 
the extension to multiple streams will be discussed later in this work. When all the TXs and 
all the RXs have the same (resp. different) number of antennas (i.e., (N, M) K ), we say that the 
antenna configuration is homogeneous (resp. heterogeneous). 



The channel from TX j to RX i is represented by the channel matrix EL- G C NiXMj with 



its elements distributed according to a continuous probability distribution to ensure that all the 
channel matrices are almost surely full rank. The global multi-user channel matrix is denoted 
by H G where N m 4 £f =1 N k and M tot 4 £f =1 M fc : 



H 



H n H 12 . . . H 1A - 
H21 H 22 . . . H 2 a' 



Hici H 



TX i uses the TX beamformer i, G 



■<MiXl 



K'2 



... H 



KK 



(1) 



to transmit the data symbol Sj (i.i.d. jV(0, 1)) to 



RX i. We consider the per-TX power constraint Vz G {1, . . . , -ft'}, = P. The received signal 
^xi at the reads then as 



?/i G 



A' 



y, 



(2) 



where r)i G C^^ 1 is the normalized noise at RX i and is i.i.d. A/"(0, 1). The received signal yi 
is then processed by a RX beamformer gf G C lx7Vi to obtain an estimate of the data symbol Sj. 

Our analysis deals with the achieveability of IA which means that the desired signal should be 
decoded free of interference at each RX. Equivalently, the RX beamformer gf should zero-force 
(ZF) all the received interference which means fulfilling for all the interferers j ^ i 



(3) 



Thus, IA is feasible if the constraint ([3]) can be achieved at all the RXs for all the interfering 
streams. Note that this is equivalent to having the interference subspace at RX i span at most iVj — 
1 dimensions. 



B. Feasibility Results 

1 ) Results from the Literature: We start by recalling some results from the literature on IA 
feasibility in a conventional IC with full CSIT sharing for the case of single stream transmission. 
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In Il23ll , the notion of proper antenna configurations in introduced. An IC is said to be proper if 
and only if the number of variables in the RX and TX beamformers involved in any set of IA 
constraints is larger than the number of scalar equations. Following [|23l . let us denote by Eij 
the IA equation © and by var(Eij) the set of free variables involved in this equation. It holds 
then 

| var(£y ) | =N i -l + M j -l. (4) 
A system is proper if and only if 

VJC J,\I\ < | |J var(£ y )l (5) 

where J = {(z, <i,j < K,i ^ j} and X is an arbitrary subset of J . In the homogeneous 
(N,M) K IC, this condition reads simply as M + N > K + 1. The following result has been 
later obtained in ||26l and is restated here for convenience. 

Theorem 1 ( E6l0 . IA is feasible in the ]^[ fc=1 (iVfc, M^) IC if and only if the antenna configuration 
is proper, i.e., if © is verified. 

2) Tightly-Feasible and Super-Feasible Settings: Whether the total number of variables is 
strictly larger than the number of equations will be shown to impact significantly the CSIT 
needed. Hence, we introduce the following definitions. 

Definition 1. An IC setting is called tightly-feasible if this IC is feasible and removing a single 
antenna at any TX or RX renders IA unfeasible. Equivalently, an IC is tightly-feasible if and 
only if it is feasible and 

K 

Y d N i + M i = K{K + l). (6) 

i=i 

The characterization follows directly from © applied with the set X = J . 
Definition 2. A feasible setting which does not verify the tightly -feasible condition is said to be 
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super-feasible. Equivalently, a super-feasible setting is a feasible setting such that 

K 

J2^i + Mi> K(K+1). (7) 

i=l 

3) New Formulation of the Feasibility Results: Condition © for properness requires verifying 
a number of conditions increasing exponentially with the size of the network. An interesting by- 
product of this work it to prove that condition © can be significantly simplified to obtain the 
following condition. 

Theorem 2. IA is feasible in the Ylk=i(^k, M^) IC if and only if 

VStx, Srx C K, K^Srx, Stx) > Af cq {SRx, Stx) (8) 
where we have defined for arbitrary TX subset Stx and RX subset Srx-' 

as respectively the number of variables and the number of equations stemming from the subset 
of RXs S RX and the subset of TXs Stx- 

Proof: A detailed proof is given in Appendix [Bj ■ 
The criterion ® can be verified in polynomial time and provides in addition more insights 

into IA feasibility: The feasibility of IA in the full setting is verified by analyzing the feasibility 

of IA in all the sub-ICs included in the full IC. 

Note that the setting obtained after selection of the RXs inside iSrx and the TXs inside iS TX 

is not a conventional IC due to the fact that the TXs and the RXs are not necessarily paired. 

To model this scenario, we introduce the notion of generalized IC which is shown to play an 

important role in understanding the relation between IA feasibility and CSIT 

4) Generalized Interference Channels: We refer to an IC in which at least one TX or RX 
does not have its paired RX or TX included in the IC as a generalized IC. We represent this 
by writing a "*" instead of the number of antennas of the paired RX or TX. For example, an 



s 



IC containing TXs 1, 2, and 3 but only RXs 1, 2, and 4 (with all the TXs and the RXs having 
two antennas) is denoted by (2, 2). (2, 2).(*, 2). (2, *). The IA feasibility criterion d8]) is trivially 
extended to generalized ICs by verifying the condition for all the sets of TXs and RXs included 
in the generalized IC. 

C. Incomplete CSIT Model 

The feasibility results from the literature, which we have recalled above, have always made use 
of an implicit full CSIT assumption. Hence, surprisingly, the problem of revisiting the feasibility 
conditions under the light of a partial CSIT sharing framework has not been addressed before. 
To fill this gap, it is necessary to introduce a new model to take into account the partial CSIT 
sharing capability of the TXs. 

A TX has either perfect knowledge of a channel coefficient or no information at all on that 
element. We represent the CSIT structure at TX j by the CSIT matrix A (j) G {0, \} N «* xM «* such 
that {A^} ik = 1 if {H} ifc is known at TX j, and otherwise. Denoting by the available 
CSI at TX j, we obtain 

H (i) = A U) jj. (10) 
We define the CSIT allocation A as the set of CSI representations available at all TXs: 

A = {A^|A^ e {0, l^totxM™ j = 1? } K y 

and we define the space A containing all the possible CSIT allocations. We can then define the 
size of an incomplete CSIT allocation as follows. 

Definition 3. The size of a CSIT allocation A, denoted by s(A), is equal to the overall number 
of complex channel coefficients feedback to the TXs. Thus, 

K 

s(A)±J2\\ A(j) \&- < 12) 

i=i 

To check whether IA feasibility is preserved with a given CSIT allocation, we introduce 
the function / F cas which takes as argument a CSIT allocation A and an antenna configura- 
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tion nfLi^fc? Mk) and returns 1 if IA is feasible with these parameters and otherwise. Note 
that this means that there exists one algorithm achieving IA with this CSIT allocation but it does 
not precise the algorithm. We also define the set A Fea s containing all the CSIT allocations for 
which IA is feasible. Hence, 

K 

A Fcas 4 {A\A e A, f Fe3S (A, H(N k , M k )) = 1}. (13) 

k=i 

Only the interfering channel matrices with % ^ j are required to fulfill the IA constraints, 
and not the direct channel matrices H^-. Thus, from a DoF point of view, we can always skip 
the direct channel matrices Hjj in the feedback, which leads to the following definition. 

Definition 4. A complete CSIT allocation, denoted by v4. comp , is defined by the knowledge of all 
the interfering channel matrices H^- with i ^ j but not the direct channel matrices Hjj. Thus, 
the size of a complete CSIT allocation is 

S (Aomp) = K ^N m M M ~ N * M ^J ■ < 14 ) 

A CSIT allocation with a size smaller than 5(^4 CO m P ) is said to be strictly incomplete. 

At this stage, a natural question is to find the most incomplete CSIT allocation which preserves 
the feasibility of IA, i.e., 

Anin = argmins(^4). (15) 

-4eA Foas 

Note that we can limit our study to the IA feasible settings where ^4 CO m P £ A Feas . 

III. IA with Incomplete CSIT for tightly-feasible Channels 
A. General Criterion 

1) Parametrization of the CSIT Allocation: In order to write concisely our results, we need 
to introduce a last notation. With simple words, the matrix A 5 rx 5 tx, where S RX is a set of RXs 
and S TX a set of TXs, is defined such that A 5 rx 5 tx H contains all the channel coefficients 
relative to the generalized sub-IC formed by the sets of RXs S RX and the set of TXs S TX , at 
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the exception of the direct channel matrices H^. 

This means that the matrix A 5 rx s tx of size N tot x M tot has its only nonzero elements chosen 
to verify 

Vx ^ y, x e S RX , y e S TX , (Ef ) T A s kx s «Ef = (Ef ) T Wa^.E 1 * (16) 

T 

and the matrix Ef defined similarly, solely 
with Ni replacing Mj. 

2) Main Theorem: We can now state one of our main results. 

Theorem 3. In a tightly-feasible Ylk=i(^k, Mk) IC, let us assume that there exists a tightly- 
feasible generalized sub-IC formed by the TX-set Stx and the RX-set Srx, which means that 

KUSrx, $tx) = K q {S RX , Stx). (17) 
Then the incomplete CSIT allocation A = {A^\j = 1,...,K} preserves IA feasibility, i.e., 

A e Apcas if 

Vj G S^, = A Srx , Stx} Vj i Snc, = A K , K = l NmxMtot . (18) 



with El x 







TlZl M k xMn ' l Mn > £* T M k xM n 



Proof: A detailed proof is provided in Appendix O ■ 
Hence, the existence of a tightly-feasible generlized sub-IC strictly included in the full IC 
yields the existence of a strictly incomplete CSIT allocation preserving IA feasibility. From the 
iterative use of this property, we will show in the following that a reduced CSIT allocation 
ensuring IA feasibility is obtained if each TX just receives the CSIT relative to the smallest 
tightly-feasible IC to which it belongs. 

Applying Theorem [3] in an homogeneous setting gives a more pessimistic result. 

Corollary 1. In the tightly-feasible setting (N, M) K (i.e., M + N = K + 1) with M / 1 
and M ^ K, there exists no generalized tightly-feasible sub-IC which is strictly included in the 
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full IC. Hence, the previous sufficient condition leads to no CSIT reduction. 

Proof: The proof follows easily by evaluating (fTTT) in an homogeneous setting and is omitted 
for brevity. ■ 
If the full IC is tightly-feasible, a strictly smaller IC can be tightly-feasible only by exploiting 
the heterogeneity in the antenna configuration. Hence, the sufficient condition given in Theorem [3] 
cannot be fulfilled in any tightly-feasible homogeneous IC with M ^ 1 and M ^ K. 

B. CSIT Allocation Algorithm 

We now describe an incomplete CSIT allocation policy based on Theorem |3] Interestingly, 
exhibiting an incomplete CSIT allocation that preserves IA feasibility does not say how IA shall 
be performed on the basis of this CSIT allocation. The corresponding problem of designing an 
algorithm achieving IA based on the incomplete CSIT allocation is tackled in Subsection IIII-CI 

The CSIT allocation algorithm takes as input the antenna configuration Y{f =1 (N k , M k ) and 
returns as output the incomplete CSIT allocation A = {A^\j = 1, . . . , K} such that 

Vj,A& = A 0) o). (19) 

°RX '°TX 

Let us consider wlog the problem of allocating the CSI to TX j. 

Initialization: We first define an initial pair of sets S = (<Srx, 5tx) initialized such that 

5= (0,0'})- (2°) 

The remaining TXs (without considering TX j) are ordered by increasing number of antennas, 
i.e., with the permutation a TX verifying 

Vz = {L. . .,K-2}, M CTTx(i) < M ajx(m) . (21) 

and symmetrically, the RXs are ordered by increasing number of antennas, i.e., with the permu- 
tation (Trx verifying 

Vz = . .,K-l},N aRx{i) < N aRx{m) . (22) 



12 

In case of equality, we order the TXs to ensure that 

Similarly, the RX ordering is modified to ensure that 

(WottW = N <rx*m) => > M CTRx(w) . (24) 

This ensures that unpaired TXs and RXs are selected first in case of equality in the number of 
antennas if the TXs and the RXs are selected respectively following the orderings otx and <trx- 
Update at step n: Let us assume that we are given the pair of sets S = (Srx,<Stx)- 

1) If equation (TT71) is verified with the sets <Srx and <S TX , the algorithm has reached its end. 
We set 4x = Srx, 45 = ^tx and 

A® = A sU)s <j). (25) 

°RX '°TX 

2) If equation (fT7l) does not hold, we verify whether adding the next RX adds more equations 
than variables, i.e., 

A r var(«5RX,«5 T x) - A/" eq (5Rx,5Tx) > -A/" var ({«Srx, OrX ( |<SrX | + l)},S T x) 

(26) 

- ^({^x^Rxd^Rxl + 1)},5 TX ) 

• If ((261) is verified, we set 

5 RX = {5 R x,a R x(|5Rx| + l)} (27) 

and we start over at step n + 1. 

• If (1261) is not verified, then 

- If |«Sxx| < K, we increase the set of TXs as 

<?tx = {«5tx) 0Tx(|<$rx| + -'■)} (28) 
and we start over at step n + 1 . 
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- If |<S TX | = K, then the algorithm has reached its end and we set SjQ = 5 RX and 
= Sjx and 

A^-A^cO). (29) 

C. /A Algorithm for Incomplete CSIT Allocation 

We consider now the CSIT allocation A to be given and we describe a novel IA algorithm 
which achieves IA using the incomplete CSIT allocation. The algorithm runs in a distributed 
fashion at each TX. This IA algorithm, which we denote by fiA, takes as input the antenna 
configuration, the CSIT allocation policy, and the channel coefficients known at the TX, and 
returns the beamformer at TX j. Thus, we can write at TX j 

K 

*j = fiA{[[(N k ,M k ),A,H^). (30) 

k=l 

1) IA Algorithm for Effective Channels: We start by introducing an IA algorithm f E s which 
will be a building block for our algorithm. It consists in running an IA algorithm over the effective 
channel obtained once a fraction of the TX beamformers have been fixed. Hence, taking as input 
the set containing the fixed beamformers Bjx an d a channel matrix G, it returns as output the set 
of beamformers B TX obtained after having run a conventional IA algorithm from the literature 
over this effective channel. Note that since the TX beamformers inside Bjx are n °t modified, it 
holds that B^£ C £> TX . We can then write 

Bix = /Eff(G,B^). (31) 

A number of IA algorithms can be run over the effective channel, and we will use the most 
simple IA algorithm called the min-leakage algorithm Q. We recall for completeness its mains 
steps in Appendix |Al Our IA algorithm is obtained from the min-leakage algorithm after two 
simple modifications of the update formulas [Cf. equations (|46l) and (|47l)l: 

• The update of the beamformers is done by considering all the interfering links and not by 
summing from 1 to K because we consider here generalized ICs. 

• The TX beamformers contained in Bjx are kept unchanged. 
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2) Precoding with the Incomplete CSIT: Let us consider now the precoding at TX j with the 
CSIT allocation = A qU) qU ) O H. 

^RX > TX 

The first step is to verify whether there is a TX k having its CSIT included in the CSIT at 
TX j, i.e., whether there exists a k ^ j such that 

c( fc ) r <?( fc ) r <?C?) 

°RX - °RX> °TX - °TX' 

If this is the case, TX j computes first the beamformer of TX k before computing its own 
beamformer. This process continues recursively until a TX is obtained for which no smaller 
CSIT allocation verifying (l32l) can be found. Hence, TX j computes first the TX beamformers 
corresponding to the TXs with the smallest CSIT allocation verifying (l32l) as follows: 

i^ = / Eff (H(H0) (33) 

where represents the smallest CSIT allocation obtained and H( fc °) is the matrix of reduced 
size obtained after removing all-zero rows and columns. Once this is done, the beamformers 
corresponding to the TXs with the next smallest CSIT allocation verifying (1321 ) are computed. 
This process is repeated further such that at each step i 

B^ = / Eff (H(**),B^ 1 ). (34) 

The last step corresponds to the CSIT allocation of TX j which has thereby computed its 
beamformein. 

3) Achieveability of Interference Alignment: We have described a precoding algorithm but it 
remains to prove that IA is indeed achieved. 

Theorem 4. The CSIT allocation policy A obtained with the incomplete CSIT allocation algo- 
rithm preserves IA feasibility: A G Areas- Furthermore, the CSIT allocation A allocates to TX j 

2 Note that it might happen that all CSIT allocations are not included in each other but form instead different chains of CSIT 
included in the CSIT of TX j. Hence, the previous notation is not rigorous. Yet, the same process of iteratively computing the 
beamformers is carried out for each chain such that this does not lead to any difficulty. This detail has been omitted for the 
sake of clarity. 
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the CSI relative to the smallest tightly-feasible sub-IC to which it belongs. 

Proof: A detailed proof is provided in Appendix [Ql ■ 
Remark: The TXs in iS>jx an d me RXs in <S^, as returned by the CSIT allocation algorithm, 
form together the smallest tightly-feasible setting containing TX j. If the algorithm is initialized 
with <s£x = instead of = {j}, the smallest tightly-feasible generalized IC is obtained 
(without the constraint of containing TX j). Hence, this algorithm can also be used to verify the 
IA feasibility of an antenna configuration. 

We will now discuss an example illustrating the operational meaning of our approach. 

D. Example of Tightly-Feasible 

We consider the IC formed by the antenna configuration (2, 3). (2, 4). (3, 5). (3, 2). (4, 2). The 
algorithm presented in Subsection IIII-BI returns the CSIT allocation 

A = {A (1) = A{ 1j2 ,3},{4,5,1}' A (2) = A{i i2 ,3,4},{1,2,4,5}, A (3) = ^-{1,2,3,4,5}, {1,2,3,4,5}, 

(35) 

A (4) = A {li2 },{4,5}, A (5) = A { i i2}i{4 ,5}} 

which indicates for example that TX 4 receives the CSI relative to the generalized IC formed 
by TX 4 and 5 and RX 1 and 2. The size of the incomplete CSIT allocation obtained is equal 
to 346 while the complete CSIT allocation has a size of 900. 

TX 4 and TX 5 have only the CSI required to align their interference at RX 1 and RX 2, which 
is the first step of the IA algorithm. Once this is done, TX 1 can then design its beamformer to 
align its interference on the interference subspace created by TX 4 and TX 5 at RX 2 and RX 3. 
Proceeding further, TX 2 align its interference on the interference subspace spanned at RX 1, 
RX 3, and RX 4 by the previous TX beamformers. At this step, all the interference subspaces 
are already spanned so that TX 3 can use its 5 antennas to align its interference at all the RXs. 

As described in Subsection IIII-B L each TX computes the beamformers of the TXs having a 
CSIT allocation included in its own CSI before computing its own TX beamformer. For example, 
all the TXs start here by computing the beamformers of TX 4 and TX 5. 
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Interference Alignment 
Constraints 
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Fig. 1. Symbolic Representation of the IA algorithm with incomplete CSIT for the tightly-feasible 

IC (2,3).(2,4).(3,5).(3,2).(4,2). 



To verify the achievement of IA, we introduce a symbolic representation of IA in Fig. [TJ We 
represent the dimensions available at RX i by an array of N{ boxes. The first box on the right 
represents the dimension taken by the signal while the other boxes represent the dimensions left 
free for the interference. For each RX, another box indicates if a TX precodes its signal so as 
to align with the interference subspace, thus creating no additional dimension of interference. If 
this is not the case, the stream transmitted by this TX creates a dimension of interference at the 
RX considered. 

In this symbolic representation, a precoding scheme achieves IA if and only if the number 
of interfering dimensions at a RX does not exceed the number of boxes (dimensions) available 
at the RX while ensuring that each TX fulfills a number of IA constraint attainable with its 
antenna configurations (i.e. at most M — 1 IA constraints if this TX has M antennas). When 
the TX beamformers are not obtained by ZF but via the alternative iteration of the min-leakage 
algorithm, we represent this by writing the indices of the interferers both in the IA box and in 
the RX box. 
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We can observe in Fig. Q] that for all j, TX j align its interference at Mj—1 RXs, and for all i, 
the interference subspace at RX i spans N~ 1 dimensions. One can also notice that the setting 
is indeed tightly-feasible since removing an antenna at any TX or RX makes IA unfeasible. 

The intuition behind the IA algorithm for incomplete CSIT is to break the IA into successive 
steps. The successive precoding steps are symbolized by the different columns on the left of the 
symbolic representation. 

IV. Interference Alignment with Incomplete CSIT for Super-Feasible 

Channels 

The previous section indicates how CSIT savings can be obtained for tightly feasible scenarios. 
When additional antennas are available, the intuition goes that further CSIT savings should be 
possible at no cost in terms of IA feasibility. We now investigate this question. 

A distinct feature of super-feasible settings is that there must exist a corresponding tightly- 
feasible setting that can be obtained by keeping all TXs and RXs and simply ignoring certain 
antennas among the overall antenna set. Clearly, there are generally multiple ways for arriving at 
a tightly-feasible setting from a super-feasible one. Depending on the choice of which antennas 
are ignored in the initial super-feasible setting, the obtained tightly-feasible will exhibit particular 
CSIT requirements. 

As a consequence, we consider the following optimization problem instead of considering 
directly (flOl) : 

K 

A = argmin min s(A) s.t. f Feas (A, T](N' kl M' k )) = 1 
AeA U^MK) fc=i 

s.t. M 'i + N 'i - ( K + l ) K = (36) 

i=l 

s.t. 1 < M' < M, and 1 < X' < N t . 

Hence, the problem of finding the minimal CSIT allocation has been reduced to finding the 
tightly-feasible setting (containing all the users) included in the full super-feasible setting which 
requires the smallest CSIT allocation. Since a CSIT allocation algorithm has been derived for 
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tightly-feasible settings, it remains only to determine which RXs or TXs should not fully exploit 
their antennas to ZF interference dimensions, i.e., where some antennas should be "removed" in 
terms of IA feasibility. 

Practically, the antennas will not be "removed" but simply not exploited in the IA process 
and used instead to increase the received power, for example. Specifically, let us write the 
singular value decomposition of is Hjj = UjSjV? with Vj = [vi, . . . , Vm] £ C MiXMi and 
Uj = [tii, . . . , u Ni ] E C NlXNt two unitary matrices and = diag(er 1( . . . , cr mill ( M . iAr .), 0, . . . , 0). 

Setting the TX beamformer ti as tj = [t>i, . . . , ■U/vfj-i]^ with t\ G C Ml ~ lxl is equivalent in 
terms of IA feasibility to removing one antenna at TX i such that we will in the following 
simply say that the antennas are "removed'[]. 

This problem is combinatorial in the total number of TXs and RXs such that exhaustive 
search through all the possible solutions is only practical for small settings. As a consequence, 
we provide in the following a CSIT allocation policy which exploits heuristically the additional 
antennas available to reduce the size of the CSIT allocation. The heuristic behind the algorithm 
comes from the insight gained in the analysis of tightly-feasible settings. This insight suggests 
that the more heterogeneous is the antenna configuration, the smaller is the size of the CSIT 
allocation. 

A. CSIT allocation Algorithm 

We consider in the following an heterogeneous IC and we denote by S the total number of 
additional antennas in the sense that S is defined as 

K 

S = Mi + Ni — (K + l)K. (37) 

i=i 

The following algorithm will provide the pair of sets *S NT = (<S^,Sjx) containing respec- 
tively the RXs and the TXs where the additional antennas should be "removed". Once these 
antennas have been "removed", the incomplete CSIT allocation policy for tightly-feasible can be 

3 Note that this step can be applied similarly on the RX side and that this process on the TX side requires the CSI relative to 
the direct channel. 



19 

applied to obtain the incomplete CSIT allocation. Note that we need to ensure that the antennas 
are removed at the right nodes such that IA feasibility is preserved. 

Initialization: We define inside the algorithm a virtual antenna configuration Y[i=i(NJ,MJ) 
which we initialize with the true antenna configuration NJ = iVj, MJ = Mj. We then define the 
two sets that will be given as output = 0, S^x — 0- 

Step n: We start by ordering the TXs inside ni=i(-^7> MJ) by increasing number of antennas 
with the permutation a TX : Vz, M^ (i) < M^ (ifl) . 

Similarly, the RXs are ordered by increasing number of antennas^, i.e., with the permutation 
ctrx such that Vi,N v < N Y (iu .. 

In case of equality, the permutation is modified such that if -^ TX (j) = Mttx(*+-i)' tnen 

. If both RXs OTx(i) and a TX (i + 1) belong to the IC, then > N^ m y 

• If one of the two RXs does not belong to the IC, then it is RX o" TX («), i.e, N^,^ = *. 
We apply the same process symmetrically for the permutation ctrx- Similar to the algorithm for 
tightly-feasible ICs, this modification ensures that non-paired TXs and RXs are chosen first when 
several TXs or RXs have the same number of antennas. We define also by respectively 
and Kj X the number of RXs and the number of TXs actually in the generalized IC Ylt=i (^7' ^7) ■ 

1) a) We now define a set S v = (S^,S^ X ). If K V RX > 0, we start by setting S v = 
({(7rx(1)},0). If CI]) is not fulfilled with this choice of S v and K\ x > 0, we 
reinitialize it with S v = (0, {fx TX (l)}). 
b) If the equality is reached in (fT7l) with S v , the sub-IC obtained is tightly-feasible 
and we update the antenna configuration to the one of the effective IC once IA is 



4. 



The RXs (resp. the TXs) outside the IC (with a "*" as number of antennas) are not taken into account in the RX ordering 
(resp. TX ordering). 
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fulfilled in this sub-IC: 

Vz G «S£x, Nj = *, Vi G <S^ X , M/ = *. 



Vi £ S, v 



RX' 





= NJ- 


1 <? v 1 

l°TXl> 


if i ^ (S^x- 


NJ 


= NJ- 


" (I^xl - 1) 


if z G «S^ X . 


MJ 


= MJ 


1 <? v 1 

l°RXl> 




Ml 


= MJ 




if ieS^ 



(38) 



£ <S V TX , 

We then start over at step n + 1 . 
c) If equation (fT7l) is not verified. 

• If |<Sr X | < -Krx> we verify whether adding the next RX adds more equations than 
variables, i.e., 



■A/"var(<SRX5 Sjx) ~ -^eq^RX) <^Tx) — -^var ({5rX' °"Rx( |5rx I + 1)}>«^ 



TXJ 



-AT cq ({^,aRx(&| + l)},^ 

(39) 



^Tx) 



If (1391 is verified, we set 

Srx = {Srx^rx(|<SrxI + 1)} (40) 

and we start over at step 1.6). 
• If |<S^x| < Kj X , we increase the set of TXs as 

5^ ={5^,^(15^1 + 1)} (41) 

and we start over at step 1.6). 
2) Otherwise, there is no tightly-feasible sub-IC and removing an antenna cannot render IA 
unfeasible. 
• If Kj X > 0, we compute 

M ff v Tx(1) = M ff v Tx(1) - 1, 5 T N x T = {5 T N X T , a TX (l)} (42) 
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and we start at step n + 1. 



If Kl 



TX — 



but A'^ x > , we set 



NZ 



C"RX(1) 



Nl 



O-Rx(l) 



- 1 



'NT _ 
'RX ~~ 



{^V RX (i)} 



(43) 



and we start at step n + 1. 
• If K^ x = and = , the algorithm has reached its end. 

Description of the Algorithm Each iteration step is divided into two procedures marked with 
the 1) and the 2), respectively. 

The first process consists in finding all the generalized tightly-feasible sub-ICs by verifying 
condition (fTTl) . The tightly-feasible sub-ICs are obtained following similar steps as in the algo- 
rithm in Subsection IIII-BI It consists in the gradual increase of the set of TXs and the set of 
RXs so as to always obtain the "most tight" sub-ICs. For each of these sets, equation (fTTT ) is 
tested to verify whether the setting is tightly-feasible. This is carried out in steps l.c) and l.d). 

Once a tightly-feasible subset is found, the beamformers of this set are computed and the 
channels are replaced by the effective channels. This is done by the intermediate of the vir- 
tual antenna configuration which represents the antenna configuration of the effective channel 
obtained. This process corresponds to step 1.6). 

At the end of procedure 1), the virtual antenna configuration obtained does not contain any 
tightly-feasible sub-ICs. This is critical for the second step because it means that reducing the 
number of variables by one cannot lead to the violation of ©. As a consequence, IA feasibility 
is preserved by "removing" one antenna in procedure 2). The policy chosen in the algorithm 
consists in removing the antenna at the TX with the smallest number of antennas if there is 
at least one TX left [Cf. equation (|42l) l and otherwise at the RX with the smallest number of 
antennas [Cf. equation (l43l)l. 

Heuristics of the Algorithm Our algorithm is based on the insight gained previously that, in 
order to reduce the size of the CSIT needed, the iterative IA algorithm should be replaced by 
successive ZF steps between the TXs and the RXs. This is obtained by making artificially the 
antenna configuration more heterogeneous, i.e., concentrating the fulfillment of the IA constraints 
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at a limited number of RXs and TXs. 

B. Toy-Example of the Incomplete CSIT-Algorithm in Super-Feasible Settings 

Let us consider as a toy-example the homogeneous tightly-feasible (2, 2) 3 IC and let us 
further assume that TX 3 and RX 2 have each one additional antenna so that the IC be- 
comes (2, 2). (3, 2). (2, 3). We will now go through the steps of our CSIT allocation algorithm 
for non-tightly feasible ICs. Note that following Corollary [TJ our algorithm brings no reduction 
for the tightly-feasible setting (2, 2) 3 . 

• n = 1: In the first part, the algorithm starts by verifying whether there is any tightly-feasible 
set. This is not the case here such that the second part begins and one antenna is removed 
at TX 1. The virtual IC obtained is then (2, 1).(3, 2). (2, 3). 

• n — 2: It is again verified whether there is any tightly-feasible set. Since TX 1 has only one 
antenna, it forms by itself a tightly-feasible set, so that its TX beamformer can be fixed and 
the antenna configuration is replaced by the virtual antenna configuration (2, *).(2, 2).(1, 3). 
RX 3 has then only one antenna, so that we can obtain the virtual IC (2,*). (2, 1).(*,3). 
Once more, the same step applies to TX 2 to obtain (1, *).(2, *).(*, 3) and then again to 
RX 1 to get (*, *).(2, *).(*, 2). Finally, there is no tightly-feasible set so that procedure 1) 
ends and procedure 2) begins. Consequently, one antenna is removed at TX 3 to obtain the 
IC (*,*)• (2, *)•(*, I)- 

• Step 3: TX 3 has one antenna left so that the IC (*, *).(1, *)•(*, *) is obtained. The same 
is done for RX 2 to obtain the IC (*, *).(*, *)•(*, *). Both the TX set and the RX set are 
empty so that the stopping criteria is reached and the algorithm returns the set containing 
the indices of the "removed antennas" S^* = {1,3} and = 0. 

The CSIT allocation algorithm leads to "remove" the antennas at TX 1 and TX 3 to obtain 
the IC (2, 1).(3, 2). (2, 2). This setting is tightly-feasible and we can run the CSIT allocation for 
tightly-feasible ICs described in Subsection IIII-BI which returns the CSIT allocation 

A = {AW = A 0j0) A( 2 ) = A {3}){1)2} , A< 3 ) = A {1 ,3 H i, 2)3} }. (44) 
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Fig. 2. Symbolic representation of the IA algorithm with incomplete CSIT for the super-feasible IC (2, 2). (3, 2). (2, 3). 

The size of the CSIT allocation in (1441) is equal to 20 while the complete CSIT allocation in 
the homogeneous setting (2, 2) 3 has a size of 72. Thus, the additional antennas have been used 
to reduce the feedback size by more than a factor of 3. The IA algorithm for incomplete CSIT 
sharing which follows from this CSIT allocation is symbolically represented in Fig. [21 

V. Simulations 

A. Tightly-Feasible Setting 

We start by verifying by simulations that IA is indeed achieved by our new IA algorithm. We 
consider for the simulations the (2, 3). (2, 4). (3, 5). (3, 2). (4, 2) IC which has been studied in the 
example in Subsection IIII-Dl 

We show in Fig. [3] the average rate per user achieved in terms of the SNR. We compare the 
average rate achieved with our algorithm to the average rate obtained with the min-leakage IA 
algorithm based on full CSIT sharing. The proposed algorithm with incomplete CSIT achieves 
virtually the same performance as the min-leakage algorithm. Hence, the reduction of 60% of 
the feedback size (Cf. Subsection IIII-Dl) comes for "free", making it especially interesting in 
practice. 
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Fig. 3. Average rate per user in terms of the normalized TX power for the tightly-feasible IC (2, 3). (2, 4). (3, 5). (3, 2). (4, 2). 



B. Performance Evaluation of the CSIT allocation Algorithm 

We will now evaluate the feedback reduction obtained with our CSIT allocation policy in 
super-feasible settings. Since this gain depends on the antenna configuration, we average the 
performance over different antenna distributions across the TXs and the RXs. Hence, we show 
in Fig. |4] the size of the CSIT allocation for K = 3 users when the antennas are allocated at 
random and uniformly to the TXs and the RXs. 

We average over 1000 realizations and the proposed heuristic CSIT allocation policy is 
compared with the exhaustive search. The exhaustive search consists in testing all the possibilities 
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Fig. 4. Average CSIT allocation size in terms of the number of antennas distributed across the TXs and the RXs for K — 3 users. 
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for removing the additional antennas^. For reference, we also show the average size of the 
complete CSIT allocation. Only a small number of users is considered because of the exponential 
complexity of the exhaustive search. 

If the aggregate number of antennas is strictly smaller than K[K + 1) = 12, the feasibility 
condition © is not verified for the full IC such that IA is not feasible. If more than 12 antennas 
are available and the setting is feasible, each additional antenna is exploited by the heuristic 
algorithm to reduce the size of the CSIT allocation. This algorithm brings a reduction of the 



Note that a true exhaustive search through all the possible CSIT allocations is impossible even for trivial antenna 
configurations. Indeed, it requires testing for every TX the allocation of every channel coefficient whose number is much 
larger than the number of sub-ICs included in the full IC. For M — N, the total number of possibilities is ((K + l)/2) K 2 , 
and for K = 2 and M = TV = 2 it gives already 108 possibilities. 
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CSIT size which is only slightly smaller than the reduction brought by exhaustive search, but 
has a polynomial complexity. 

VI. Discussion 

IA feasibility is studied in the literature under the assumption of full CSIT sharing. In contrast, 
the relation between IA feasibility and CSIT allocation is investigated in this work. Specifically, 
it is shown how IA can be achieved in some cases without full CSIT sharing. When extra- 
antennas are available, the existence of a trade-off between the number of antennas available 
and the CSIT sharing requirements is shown. 

Our approach brings a significant reduction of the feedback size while introducing no losses 
in terms of DoF compared to the conventional IA algorithm with full CSIT sharing. 

Furthermore, IA with incomplete CSIT sharing raises additional interesting open problems 
that go beyond the scope of this paper. Firstly, proving the minimality of our reduced CSIT 
allocation (or finding the minimal CSIT allocation policy) could not be achieved due to the 
difficulty in deriving a lower bound for the minimal size of a CSIT allocation preserving IA 
feasibility. Another interesting problem is to extend the study to multiple streams transmissions. 
However, verifying IA feasibility represents already a difficult problem in this case so that the 
derivation of analytical results is expected to be challenging. 

Finally, the analysis has been carried out by considering the DoF which models the perfor- 
mance at asymptotically high SNR. At low to medium SNR, aligning interference is possibly not 
optimal and it is expected that CSIT incompleteness will lead to some rate loss as beaforming 
capabilities are reduced. An interesting problem thus lies in the trade-off between CSIT sharing 
reduction and finite SNR rate performance. Such problems should be investigated in the future 
to translate the promising feedback reduction achieved in this work into savings in practical 
systems. 
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Appendix 

A. Minimum Leakage Interference Algorithm 

Many IA algorithms are already available in the literature ll5l- |[T0l and each of them aims 
at maximizing the performance at finite SNR while converging to an IA solution at high SNR. 
The aim of this work is to study the feasibility of IA and not to improve on the performance of 
IA algorithm at finite SNR. Thus, we will use for the simulations the minimum (min-) leakage 
algorithm from 0. It has the advantage of not requiring the knowledge of the direct channel 
but only the CSI required for fulfilling the IA constraints, i.e., the interfering channels. 

The min-leakage algorithm can be described in our setting as follows. The algorithm minimizes 
the sum of the interference power created at the RXs which is called Jia and is equal to 

K K 

hA = Yl £ lsfH lfc t fc | 2 . (45) 

i=l k=l,kj^i 

The algorithm is based on an alternating minimization in which the TX beamformers are first 
obtained from the RX beamformers as 

*k = eig min ( H ife J . (46) 

Similarly, the RX beamformers at all RXs are then obtained from the TX beamformers as 

9k = eig min ( H ^ H " ) • ( 47 ) 
The TX and RX beamformers are updated iteratively until convergence to a local minimizer. 

B. Proof of Theorem \2\ 

For X C J = < i,j < K,i ^ j}, we define the sets 

S TX (1) 4 {j\3k\ (k',j) e X}, Srx(X) 4 {k\3f, (k,f) e X}. (48) 



Hence, 5rx(X) and 5tx(X) contain respectively the set of RXs and the set of TXs appearing 
in at least one equation of the set of equations X. With these notations, equation © can be 
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rewritten as 

VX C J , \X\< Yl ( M *~ l ) + S ( iV ^- 1 )- ( 49 ) 

fces T x(Z) j'g5rx(X) 

Adding equations to I without increasing <Srx(X) or iS>tx(X) makes condition (|49l ) tighter. Hence, 
it is only necessary to verify (|49l ) for the sets of equations made of all the equations generated 
by the RXs in 5 RX (X) and the TXs in <S TX (Z). 

C. Proof of Theorem \3\ 

Proof: We have by assumption that A/" V ar(<SRx, <^tx) = A/" eq (<SRx, <?tx)- If any additional 
IA constraint is considered, the number of equations becomes then larger than the number 
of equations and IA cannot be achieved. Hence, setting the TX beamformers and the RX 
beamformers contained in this sub-IC to fulfill the IA constraints solely inside this IC represents 
in fact a necessary condition for achieving IA in the full IC. As a consequence, IA feasibility is 
preserved by letting the TXs in the tightly-feasible sub-IC have only the knowledge of the CSI 
relative to this sub-IC. ■ 

D. Proof of Theorem 

Proof: Let us consider wlog the precoding at TX j. By construction, TX j is allocated with 
the CSI relative to the IC formed by the pair of sets (S^l, Sjx)> which is tightly-feasible. A side 
result of the proof of Theorem [3] is that setting the beamformers in a tightly-feasible subset of 
TXs and RXs to align interference in this sub-IC, does not reduce the feasibility of IA in the 
full IC. Thus, if all the TXs included in iS^x would design jointly their beamformers with the 
other TXs adapting to these TX beamformers, IA feasibility would then be preserved. Yet, all 
the TXs in do not necessarily share the same CSIT and thereby cannot necessarily design 
jointly the beamformers. Thus, it remains to prove that all the TXs included in Sjfe design their 
beamformers in such a way that IA is achieved inside this sub-IC. 

By inspection of the CSIT allocation algorithm, the CSIT allocations of all the TXs contained 
in iS>tx are included in the CSIT of TX j. Thus, TX j can compute the beamformers of these 
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TXs following the IA algorithm for incomplete CSIT exactly as it is done at these TXs. This 
ensures the coherency between the beamformers of all the TXs in S^x so that IA is achieved. 

■ 
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